In this paper we investigate optimal control problems governed by a advection-diffusion-reaction equation. We present a method for deriving conditions in the form of Pontryagin's principle. The main tools used are the Ekeland's variational principle combined with penalization and spike variation techniques.
Introduction
Consider the following controlled advection convection diffusion equations: 
The performance of the control is measured by the cost functional
for some given map 0 : f U R    . Our optimal control problem can be stated as follows.
And the state constraint of form:
In this paper, we make the following assumptions. 
for almost all . Moreover, for any , there exists a such that X is a Banach space and 0 X is a subspace of X . We say that 0 X is finite codimensional in X if there exists 1 2 , , , n x x x X   such that 
Furthermore, there exists a constant , independent of
The weak solution of the state Equation (1.1) is determined by
using the bilinear form given by :
Existence and uniqueness of the solution to (1.1) follow from the above hypotheses on the problem data (see [2] ). 
And define the reachable set of variational system (1.7)
Now, let us state the first order necessary conditions of an optimal control to Problem (C) as follows. 
(1.9), (1.10), and (1.11) are called the transversality condition, the adjoint system(along the given optimal pair), trol problems fo iple of optimal control of Problem (C). aximum and the maximum condition, respectively.
Many authors (Dede [3] , Yan [4] , Becker [5] , Stefano [6] , Collis [7] ) have already considered con r convection-diffusion equations from theoretical or numerical point of view. In the work mentioned above, the control set is convex. However, in many practical cases, the control set can not convex. This stimulates us to study Problem (C). To get Pontryagin's Principle, we use a method based on penalization of state constraints, and Ekeland's principle combined with diffuse perturbations [8] .
In the next section, we will prove Pontryagin's maximum princ
Proof of the Maximum Principle
This section is devoted to the proof of the m principle.
Proof of Theorem 1.3. Firstly, let 
where inf
 , and u is an optimal , this function in control.
Clearly is cont uous on the (complete)
Hence, by Ekeland's variational prin a ciple, we can find 
We take û u
denotes the subdifferential of . we define , from the first relation in (2.3) and by some calculations, we have 
